The Poisson-Boltzmann ͑PB͒ spherical Wigner-Seitz cell model-introduced to theoretically describe suspensions of spherical charged colloidal particles-is investigated at the nonlinear and linearized levels. The linearization of the mean-field PB functional yields linearized DebyeHückel-type equations agreeing asymptotically with the nonlinear PB results in the weak-coupling ͑high-temperature͒ limit. Both the canonical ͑fixed number of microions͒ as well as the semigrand-canonical ͑in contact with an infinite salt reservoir͒ cases are considered and discussed in a unified linearized framework. In disagreement with the exact nonlinear PB solution inside a Wigner-Seitz cell, the linearized theory predicts the occurrence of a thermodynamical instability with an associated phase separation of the homogeneous suspension into dilute ͑gas͒ and dense ͑liquid͒ phases, being thus a spurious result of the linearization. We show that these artifacts, although thermodynamically consistent with quadratic expansions of the nonlinear functional and osmotic pressure, may be traced back to the nonfulfillment of the underlying assumptions of the linearization. This raises questions about the reliability of the prediction of gas/liquid-like phase separation in deionized aqueous suspensions of charged colloids mediated by monovalent counterions obtained by linearized theories.
I. INTRODUCTION
The study of classical charged systems has received an increased renewed interest in view of many industrial applications:
1,2 Paint, petrochemicals, food, pharmaceuticals, cosmetics, diapers, sewage treatment, etc. Many environmental-friendly new materials are hydrosoluble due to the presence of ionizable groups that dissociate upon contact with water. In fact, their hydrosolubility is a result of the combination of Coulomb repulsion between fixed charged monomers and the mixing entropy maximized by the mobility in solution of the oppositely charged small counterions. Besides technological applications, charged macromolecules like lipid aggregates ͑bilayers, micelles, and vesicles͒, proteins and polynucleotides ͑including DNA and RNA͒ are also of fundamental importance in the biochemistry of living systems. 3, 4 Furthermore, due to the availability of faster computers, many new insights in soft-matter physics come from Monte Carlo and molecular-dynamics simulations of charged systems. 5, 6 These may be partially viewed as controlled theoretical experiments and provide a complementary approach to analytical treatments.
An ubiquitous case is that of mesoscopic charged colloidal particles ͑also called polyions or macroions͒ immersed in aqueous solution, which polarize the small mobile ions in their vicinity: Microions of opposite sign ͑counterions͒ are attracted to them, while like-sign microions ͑coions͒ are repelled. The theoretical description of these suspensions requires the understanding of the role of the electrostatic interactions between charged objects mediated by the surrounding aqueous ionic solution. In view of the manybody problem and the long-range nature of the Coulomb interaction, a statistical-mechanical treatment of the system is nontrivial. Within the primitive model 7 ͑PM͒ the molecular nature of the solvent is ignored ͑neglect of van der Waals and hydration forces͒ and the suspension is treated as a twocomponent system, comprised of the highly charged large polyions ͑and its neutralizing counterions͒ and oppositely charged pairs ͑anions and cations͒ of ionized salt particles. These are immersed in a continuous medium of dielectric constant ⑀ and interact through the bare Coulomb potential with additional hard-sphere repulsion. In the PM it is implicitly assumed that the ͑hard͒ spheres have the same dielectric constant as the solvent, so there are no electrostatic image effects. For symmetric ͑in size and charge͒ electrolytes the PM reduces to the restricted primitive model ͑RPM͒ and a theoretical description for dilute solutions may be developed using the traditional Debye-Hückel ͑DH͒ theory for electrolytes, [8] [9] [10] with some improvements taking nonlinearities 11 into account or using integral-equation methods. 10, 12 An extension of these theories for a colloidal suspension is nontrivial [12] [13] [14] in view of the huge asymmetry between poly-and microions. Compared to the symmetric case, nonlinearities are magnified and dominate in the strong asymmetric colloidal limit.
A mean-field approach to the PM, represented by the Poisson-Boltzmann ͑PB͒ approximation, [15] [16] [17] [18] is often used in conjunction with the so-called Wigner-Seitz ͑WS͒ cell model. Both are discussed in Appendix A-this and all further Appendices will be presented in the form of an associated EPAPS document. 19 In view that even with these ap-proximations the nonlinear PB equation can only be solved analytically in few particular cases, it would be very helpful to formulate a linearized version of the PB approximation for WS-cell models, in analogy to the DH approach to the RPM. We should remark, however, that the linearized version ͑at the mean-field level͒ of the WS-cell model does not include any intercell ͑neither polyion-microion nor microionmicroion͒ correlations and intracell microion-microion correlations. This is in contrast to the traditional DH approach to the ͑symmetric͒ RPM, which automatically includes these correlations. While in the RPM the mean-field contribution vanishes, 20 in the PB WS-cell model it comes from the intracell polyion-microion correlations. Therefore, a more appropriate interpretation of the linearized equations to be obtained in the present work is that they correspond to an expansion about the weak-coupling or high-temperature limit of the mean-field equations.
Two decades after the first experimental evidences of attraction between like-charged spherical colloids mediated by monovalent counterions in bulk deionized aqueous suspensions, its existence is still under dispute. Under the mentioned conditions, electrostatic-stabilized colloidal crystals have been investigated by Ise et al., 21 revealing the presence of empty regions ͑voids͒ inside the crystal. These experimental observations were interpreted as a coexistence between a dense crystalline phase and a dilute gas phase. Similar voids were also found experimentally in the fluid phase, 22 which, in analogy to the critical behavior of symmetric electrolytes, were interpreted as a coexistence between dilute ͑gas͒ and dense ͑liquid͒ fluid phases. Even fully equilibrated macroscopic gas-liquid phase separation has been reported, 23 although these experimental observations have been attributed to the presence of ionic impurities. 24 From the theoretical point-of-view attractive interactions between like-charged spheres are observed only under special conditions. For example, they have been seen in Monte Carlo simulations in the presence of multivalent counterions [25] [26] [27] or when the low-temperature ordering of the discrete charges is taken into account. 28 Under the conditions described in the previous paragraph those controversial experimental findings are either attributed to the presence of long-range attractive electrostatic interactions between likecharged polyions, 29 by the presence of polyelectrolyte impurities, 30 or by state-independent volume terms 31,32 obtained by approximations that involve some kind of linearization: Random-phase approximation, [33] [34] [35] DH pairdistribution functions augmented by a variational approach for the polyion-polyion interactions, 36 linear-response approximation, 37 extended DH theory for asymmetric electrolytes, 38 mean-spherical approximation ͑MSA͒ 39 and symmetric PB and MSA. 40 Even though it has been argued by Overbeek and others 41 that the Sogami-Ise attraction 29 is due to inconsistencies in their thermodynamic treatment, the question does not seem to be settled yet and discussion is still in progress. 42 This attractive potential is in contrast to the generally accepted repulsive electrostatic component of the DLVO 43, 44 ͑Derjaguin-Landau-Verwey-Overbeek͒ pair potential between like-charged polyions. However, the purely repulsive nature of the polyion-polyion effective pair potential does not preclude a priori the existence of a gasliquid separation, as has been shown by Roij et al. 34 The focus on the polyion-polyion effective interactions overlooks the important contribution to the free energy due to the polyion-microion interactions.
Because most of the alternative analytical calculations to the Sogami-Ise attractive interaction potential requires some linearization procedure, the predicted gas-liquid coexistence should be analyzed with caution. In fact, no instabilities have been yet detected by Monte Carlo simulations in the presence of ͑explicit͒ monovalent counterions. 26, 45 Further investigations with higher polyion valences should still be considered in order to confirm or invalidate these theoretical predictions. We should mention, however, that preliminary molecular-dynamics 46 as well as Monte Carlo 47 simulations in the presence of explicit monovalent counterions in the regime of high-surface charge and low density of polyionswhere linearized theories predict phase separation-have shown no sign of any instabilities yet. Moreover, there are indications that the observed van der Waals-type loops are artifacts due to the linearization, these being drastically suppressed when nonlinearities are reintroduced in the theory by the use of renormalized charges. 48 Furthermore the linearization of the WS-cell semigrand-canonical PB functionalwhich describes ͑at the mean-field level͒ the system in electrochemical equilibrium with an infinite salt reservoiryields negative-compressibility, thermodynamically unstable regions which are absent in a full nonlinear treatment. 49, 50 Although many aspects of these artifacts for the semigrandcanonical case were already reported in the literature, 49 including a general analysis of the linearization scheme for various geometries, electrolyte compositions and arbitrary expansion densities, 50 we believe that there are still a few subtle points that need to be clarified, in particular concerning the relations between these spurious results and the thermodynamic self-consistency of alternative schemes of linearization.
The purpose of this paper is to perform a careful and detailed investigation about the linearization procedure in the well-controlled case of the PB WS-cell model. We believe this allows a broader audience-which might not be quite familiar with the more sophisticated treatments involving correlation-functions and integral-equations methods [33] [34] [35] [36] [37] [38] [39] [40] -to understand the underlying physical assumptions of the approximate linearized theories. First we develop a linearization scheme suitable to the canonical ͑fixed amount of microions͒ case, by adopting an explicitly gauge-invariant approach. For the semigrand-canonical case, it has been argued by Deserno and von Grünberg 50 that the occurrence of unstable linearized equations of state depends on the way the linearization scheme is performed and on the osmotic-pressure definition. By extending our gaugeinvariant approach to the semigrand-canonical ensemble, we try additionally to shed some light on this question. We show that thermodynamic stability and consistency are in fact independent concepts. The gauge-invariant forms of the equations of state allow to establish an explicit correspondence between their nonlinear and linearized versions. We will show, by using gauge-invariant forms for the electrostatic potential, that there is a unique linearization ͑about the stateindependent zeroth-order Donnan densities͒ that corresponds to the minimization of the associated linearized semigrandcanonical functional, which is also asymptotically exact ͑at the mean-field level͒ in the weak-coupling ͑high-temperature͒ limit. Therefore, the expansion of the nonlinear functional about the state-independent Donnan densities, originally proposed for the spherical geometry in the presence of symmetric electrolyte by von Grünberg et al. 49 -and generalized for arbitrary electrolyte compositions and geometries with analogous high symmetry in Ref. 50 -is not only ''optimal,'' but it is asymptotically exact in the weakcoupling limit. The linearized equations, although thermodynamically self-consistent with quadratic expansions of the nonlinear ones, lead to artifacts when their underlying assumptions are not satisfied. In a related paper 51 explicit analytical comparison is performed for the planar case, where the exact nonlinear solution ͑at the mean-field level͒ can be obtained. We additionally show that the thermodynamical equivalence between the linearized canonical and semigrandcanonical formulations of the problem turns out to be nontrivial because of the Donnan effect ͑Appendix G͒, the ensemble invariance of the linearized equations only being possible with the inclusion of quadratic contributions in the linearized expansion densities.
The remainder of the paper is organized as follows: In Sec. II the salt-free model is introduced and the associated nonlinear equations are briefly presented. In Sec. III the linearization of the appropriate functional is performed, considering three distinct physical situations: The salt-free ͑in the presence of neutralizing counterions only͒ system introduced in Sec. II, with fixed amount of added monovalent salt ͑ca-nonical ensemble͒ and in electrochemical equilibrium with an infinite monovalent salt reservoir ͑semigrand-canonical ensemble͒. Some concluding remarks are presented in Sec. IV. Several technical and subtle points are discussed in more detail in Appendices A-I, which are presented in the form of an associated EPAPS document.
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II. NONLINEAR EQUATIONS
In this section we shortly summarize the framework in which the linearization procedure will be performed. For a detailed presentation and discussion-which emphasize the advantages of the use of a Lagrange multiplier leading to an explicitly gauge-invariant approach-we address the interested reader to Appendix A.
A suspension of polyions, whose hard cores occupy a volume fraction , is treated within the WS-cell model, in which the physical properties of the system are studied by considering only one fixed polyion and its neutralizing counterions inside a WS cell. We will restrict ourselves to the case of spherical polyanions of radius a-each carrying a total charge ϪZq distributed uniformly on its surface, with q being the elementary charge-inside a concentric spherical WS cell of radius Rϭa/ 1/3 . The generalization to other highly symmetric geometries is straightforward, cf. Ref. 50 .
We introduce the mean-field PB Helmholtz free-energy functional F ͓n ϩ (r)͔ associated to a single spherical WS cell
where ␤ Ϫ1 ϭk B T is the thermal energy at temperature T, ϩ is the thermal de Broglie wavelength of the counterions and ᐉ B ϭ␤q 2 /⑀ is the Bjerrum length with ⑀ being the dielectric constant of the solvent. The integrations are performed over the free volume Vϭ(4/3)(R 3 Ϫa 3 ) unoccupied by the polyion, aр͉r͉рR. The total charge number density ͑r͒ is the sum of the continuous counterion density profile n ϩ (r) and the negative surface charge on the polyion,
where ␦ 3 is the three-dimensional Dirac delta function. The total charge number density is related to the reduced electrostatic potential (r)ϵ␤q⌿(r) by the ͑exact͒ Poisson equation, ٌ 2 (r)ϭϪ4ᐉ B (r). Functional minimization of F with respect to the counterion profile n ϩ (r) under the WScell charge-neutrality constraint, ͐d 3 r (r)ϭ0-see the derivation making use of a Lagrange multiplier in Appendix A-yields the equilibrium counterion profile in terms of the Boltzmann factor
where we introduced the effective average density n c of counterions in the free volume V unoccupied by the polyion core, and the brackets denote unweighted spatial averages over V, ͗X(r)͘ϵ͐d 3 r X(r)/͐d 3 r. Substituting the equilibrium counterion profile n ϩ (r) into the Poisson equation leads to the PB equation, that needs to be solved numerically in the case of spherical polyions.
The Helmholtz free energy, FϵF ͓n ϩ (r)͔, is obtained by evaluating the functional F at the optimized profile n ϩ (r)ϭn ϩ (r). It can be shown-cf. Sec. 3 of Ref. 18 -that the nonlinear osmotic pressure PϵϪdF/dV ͑over pure solvent͒ is simply given by
which is the well-know WS-cell mean-field result that the salt-free osmotic pressure is related to the counterion density at the WS-cell boundary 52, 53 rϵ͉r͉ϭR. Henceforth, to simplify the notation, we will omit the bar to denote equilibrium properties.
III. LINEARIZATION SCHEME
A. In the presence of neutralizing counterions only
Let us introduce a linearized free-energy functional F DH that will lead to DH-type equations of state for the salt-free model system defined in the previous section. We start by truncating the expansion of the nonlinear PB Helmholtz freeenergy functional ͑1͒ to the quadratic order in the difference n ϩ (r)Ϫn c
͑5͒
Functional minimization of the linearized functional F DH with respect to n ϩ (r) under the WS-cell charge-neutrality constraint, ͐d 3 r(r)ϭ0-performed in Appendix B with the use of a Lagrange multiplier-leads to the linearized equilibrium counterion profile and to the linearized DH-type equation for the electrostatic potential (r)
with the inverse Debye screening length defined in terms of the averaged counterion density n c ϭ c ϵͱ4ᐉ B n c . ͑8͒
One should note that this is different from the standard linearized-PB treatment of the spherical WS cell-associated with the definition of a renormalized charge 54 -where the Debye screening length is defined in terms of the WS-cell boundary density n ϩ (rϭR). A detailed discussion comparing the two different linearization schemes-the standard one and the approach considered here-is performed in Appendix B, where the explicit solution to the electrostatic potential of the linearized DH-type Eq. ͑7͒ is also presented.
The linearized Helmholtz free energy, F DH ϵF DH ͓n ϩ (r)͔ equil , is obtained by evaluating the linearized functional F DH , Eq. ͑5͒, at the optimized profile n ϩ (r) satisfying Eqs. ͑6͒ and ͑7͒, and it is given explicitly by Eq. ͑B9͒ of Appendix B. The linearized osmotic pressure ͑over pure solvent͒ of the colloidal suspension follows from the negative total derivative of the linearized Helmholtz free energy F DH with respect to the WS-cell free volume V, P DH ϵϪdF DH /dV,
where we introduced the functions
ϯu . To obtain Eq. ͑9͒ one should take into account both the explicit R dependence as well as the volume dependence of the screening length Ϫ1 when computing the total derivative, d/dVϭ1/(4R 2 ) ‫‪R‬ץ/ץ‬ Ϫ/(2V)‫.ץ/ץ‬ The first term of Eq. ͑9͒ represents the uniform counterion-density ideal-gas law, while the next term corresponds to the mean-field electrostatic corrections 55 due to intracell polyion-microion correlations. In Appendix C it is shown that the linearized osmotic pressure ͑9͒ can be also obtained by a formal differentiation of the linearized Helmholtz free energy F DH and that it also corresponds to a quadratic expansion of the nonlinear PB osmotic pressure ͑4͒. At the end of the next subsection we shall find that for sufficiently high surface charges or low temperatures the linearized osmotic pressure ͑9͒ is no longer a monotonic function of the WS-cell free volume V, which would imply a thermodynamical instability and an associated gas/liquid-like phase separation of the system-in contrast to the full nonlinear theory, which does not predict any instability.
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B. In the presence of neutralizing counterions and added salt "canonical ensemble… Let us now add a symmetric monovalent ͑1:1͒ salt to the system. We treat all microions at the same level of meanfield approximation, describing them by the average local number densities n Ϯ (r). We will not distinguish between counterions and positive ions derived from the salt dissociation. Therefore, n ϩ (r) accounts both for counterions and positive salt ions ͑cations͒, while n Ϫ (r) represents the negative coions ͑anions͒. In terms of these number densities, the total charge number density and the total microionic density read, respectively,
and
The effective average uniform densities of positive and negative microions are given by
where n s is the a priori known effective average salt concentration and Q Ϯ are the fixed total number of positive and negative microions inside a WS cell. Within the cell-model approximation the salt ions are evenly distributed between different cells and the average salt concentration n s is the same for each identical WS cell. We introduce the dimensionless parameter
which measures the contribution of the salt ions to the ionic strength in the suspension
As in the previous subsection, we expand the nonlinear PB Helmholtz free-energy functional
about the average uniform densities ͑11͒ up to quadratic order in the differences n Ϯ (r)Ϫc Ϯ , to obtain the linearized Helmholtz free-energy functional
where Ϯ are the thermal de Broglie wavelengths of cations ͑including the positive counterions͒ and anions, respectively. Functional minimization of the linearized functional F DH ͓n Ϯ (r)͔ with respect to n Ϯ (r) under the WS-cell chargeneutrality constraint
-performed in Appendix D with the help of a Lagrange multiplier-leads to the linearized equilibrium density profiles and to the linearized DH-type equation for the electrostatic potential (r)
where the inverse of the Debye screening length is now given by ϭͱ8ᐉ B Iϭͱ4ᐉ B ͑ 1ϩ2s ͒n c ϭ c ͱ1ϩ2s.
͑19͒
As discussed in Appendix D, the infinite-dilution limit (R →ϱ) of the linearized solution to the electrostatic potential (r) leads to the repulsive electrostatic component of the traditional DLVO 43, 44 interaction potential. The linearized Helmholtz free energy, F DH ϵF DH ͓n Ϯ (r)͔ equil , is obtained by evaluating the linearized functional F DH ͓n Ϯ (r)͔, Eq. ͑15͒, at the linearized optimized profiles n Ϯ (r) satisfying Eqs. ͑17͒ and ͑18͒, and it is given explicitly by Eq. ͑D8͒ in Appendix D. In this Appendix we also discuss the correspondence between the infinite-dilution limit (R→ϱ) of the excess Helmholtz free energy and the state-independent volume terms obtained by Roij et al., 34 which have been claimed to drive a gas-liquid phase separation in dilute deionized aqueous colloidal suspensions. The linearized canonical osmotic pressure of the colloidal suspension follows from the negative total derivative of the linearized Helmholtz free energy F DH with respect to the WScell free volume V, but keeping fixed the total amount of salt, P DH can (,s)ϵϪ(dF DH /dV) s , where the subscript to the right of the total derivative emphasizes that the parameter s remains fixed during the total differentiation with respect to V ␤ P DH can ͑ ,s͒
where is a function of (,s) through Eq. ͑19͒, and the functions ⌬ 1 ,⌬ 2 are defined after Eq. ͑9͒. In Appendix D it is shown that the linearized canonical osmotic pressure ͑20͒ corresponds to a quadratic truncation of the nonlinear PB canonical osmotic pressure ͑D2͒.
In the vanishing volume fraction of polyions ͑infinite-dilution͒ limit, ϭ(a/R) 3 →0, the linearized canonical osmotic pressure has the asymptotic behavior
This leads to the asymptotic linearized canonical inverse isothermal compressibility
where n p ϭ(4R 3 /3) Ϫ1 is the polyion density of the suspension. In the presence of added salt, the stability of the suspension is associated to the positiveness of the eigenvalues of the associated Hessian matrix-as discussed in Appendix H-instead of simply being related to the positiveness of the canonical inverse isothermal compressibility can Ϫ1 , as compared in Fig. 1 . The infinite-dilution asymptotic behavior of the function ⌺(,s), Eq. ͑H2͒-whose vanishing defines the linearized canonical spinodal line-reads ⌺͑,s ͒ϭ
In contrast to the semigrand-canonical case ͑to be treated in the next subsection͒, the suspension is thermodynamically stable in the infinite-dilution limit for any finite s ͑canonical case͒, lim →0 ⌺(,s)Ͼ0. However, as exemplified by the salt-free case in Fig. 2 , for finite densities ͑ 0͒ and sufficiently large values of , the linearized canonical osmotic pressure P DH can is no longer a convex function of the volume fraction , implying thus the onset of a thermodynamical instability. For salt-free suspensions (sϭ0), the associated critical point-represented by the black circle in Fig. 1 Further details about how to determine the binodal lines are given in Appendix D. However, because the critical behavior is a spurious result of the linearization, it is not worthwhile to construct the phase diagrams in detail and we restrict ourselves only to present the spinodal lines in Fig. 1 . Since the criticality condition defines where the binodal and the spinodal lines meet, the location of the critical points does not require computation of the binodal lines. In Appendix D we also discuss possible charge-renormalization 54,57,58 effects on the spurious phase separation predicted under linearization.
C. In contact with an infinite salt reservoir "semigrand-canonical ensemble…
Let us now consider the colloidal suspension in electrochemical equilibrium with an infinite salt reservoir of fixed bulk density n b . The suspension is separated from the infinite reservoir by a semipermeable membrane. The solvent and microions ͑counterions and salt ions͒ can pass through the membrane, but not the large polyions. This gives rise to an imbalance in the osmotic pressure across the semipermeable membrane. This equilibrium between the suspension and the salt reservoir is referred to as a Donnan equilibrium. 9, [59] [60] [61] Like in the previous subsections we will consider only the case of monovalent counterions and symmetric monovalent ͑1:1͒ salt.
The effective average salt concentration in the colloidal suspension, n s ϵ͗n Ϫ (r)͘, does not coincide with the reservoir bulk density n b and is not known a priori. A nontrivial question is its dependence with the physical parameters of the system, e.g., bulk salt concentration n b , polyion radius a, polyion valence Z and volume fraction ϵ(a/R) 3 . At the WS-cell PB mean-field level of approximation this problem has already been considered in the literature 62, 63 and it is summarized in Appendix E. In agreement with exact and general results for WS-cell models, 56 the nonlinear osmotic pressure is a monotonic increasing function of the volume fraction -hence the nonlinear treatment does not predict any thermodynamical instability.
Compared to the canonical case treated in the previous subsection-when the amount of microions is fixed and known a priori-there are two main differences to perform the linearization in the Donnan-equilibrium problem. First, because the Donnan equilibrium is established under constant electrochemical potential of microions, the natural thermodynamical ensemble to perform the calculations is the semigrand-canonical one
where we impose the equality of the microion electrochemical potentials inside the colloidal suspension, Ϯ , to the ͑mean-field͒ chemical potential of ideal gases of uniform density n b for both types of ions in the infinite salt reservoir, 3 . From top to bottom the isotherms correspond to ϭ41,43, crit ϭ44.902 477¯(bold line), 47 and 49. In the gray region the salt-free linearized isothermal compressibility DH is negative, which would imply a thermodynamical instability that leads to a phase separation between two fluid phases: A low-͑dilute͒ gas ͑G͒ and a high͑dense͒ liquid ͑L͒. The black circle represents the salt-free critical osmotic pressure and the dashed curve defines the salt-free spinodal line in the ϫ diagram ͑the sϭ0 line in Fig. 1͒ .
The second difference is that the effective average uniform densities of positive and negative ions, about which the linearization should be performed, vary in a nontrivial way as the WS-cell free volume V is changed. In Appendix F it is shown that the self-consistent linearized average densities for the Donnan problem are given by the state-independent zeroth-order Donnan densities
where n c ϭZ/V is the effective averaged counterion density and the superscript in c Ϯ (1) emphasizes the fact that they were obtained under a linearized approximation. These correspond to the uniform densities that the system would have in the infinite-temperature (ᐉ B ϭ0) limit under the constraint of overall WS-cell charge neutrality ͑16͒. We should remark that they do not correspond to the effective averages of the full nonlinear PB densities ͑E2͒
because of the nonvanishing quadratic and higher-order ( у2) contributions of the electrostatic potential differences
The nonlinear expression for c Ϯ , Eq. ͑27͒, has been obtained by using an explicitly gauge-invariant formulation of the problem ͑cf. Appendix E͒. The advantage of these forms is that the linearized expansion densities ͑26͒ are simply obtained by taking their potential-independent, infinitetemperature (ᐉ B ϭ0) limit, where the electrostatic-potential differences vanish, lim ᐉ B →0 ␦ (r)→0. It is also clear that any other choice for the expansion densities will not lead to the exact potential-independent ͑infinite-temperature͒ limit of the nonlinear equations. As also derived in Appendix F, the Donnan average densities, Eqs. ͑26͒, do indeed correspond to the functional minimization of the corresponding linearized semigrand-canonical functional. We note that Deserno and von Grünberg 50 define an optimal linearization point opt -related to the above gauge-invariant expansion densities by c Ϯ (1) ϭn b e ϯ opt -by using arguments based on the plausibility of this choice. They show that any other choice for the linearization point would lead to conflicting inequalities involving nonlinear and linearized averages. Finally, we should mention that even though the uniform expansion densities c Ϯ (1) , Eqs. ͑26͒, are internally self-consistent ͑within the semigrand-canonical ensemble͒ under linearization, global self-consistency ͑ensemble invariance͒ will require the use of the quadratic truncation of the nonlinear averages ͑27͒, c Ϯ ϭc Ϯ (2) ϩO͓͗␦ 3 (r)͔͘,
as the self-consistent averaged densities, as discussed in detail in Appendix G. Another way to look at this subtle point is by performing the Legendre transformation directly at level of the thermodynamic potential, ⍀ DH ϭF DH Ϫ ϩ Q ϩ Ϫ Ϫ Q Ϫ -in contrast to perform it at the level of the functionals. An ensemble-invariant treatment of the Donnan effect-that relates the total charges inside the WS cell Q Ϯ ϭVc Ϯ ϷVc Ϯ (2) with the average counterion density n c and the bulk salt concentration n b -requires at the linearized level the use of c Ϯ (2) , Eqs. ͑29͒, as expansion densitiesinstead of the simplest c Ϯ (1) , Eqs. ͑26͒. The inclusion of the quadratic contributions into the expansion densities c Ϯ (2) , however, do not improve the agreement between the linearized and nonlinear equations, as can be shown by the explicit analytical comparison in the exactly solvable planar case. 51 However, this can only be verified a posteriori.
Once again, functional minimization of the linearized semigrand-canonical functional Ω DH ͓n Ϯ (r)͔ with respect to n Ϯ (r) under the overall WS-cell charge-neutrality constraint ͑16͒-performed in Appendix F with the help of a Lagrange multiplier-leads to the self-consistent linearized averaged densities ͑26͒, to the linearized equilibrium profiles and to the DH-type equation
where the parameter
measures the relative importance of the counterions to the ionic strength in the colloidal suspension
͑33͒
Furthermore, the ͑effective͒ Debye screening length Ϫ1 in the colloidal suspension
is always shorter than the Debye screening length b
Ϫ1
ϵ1/ͱ8ᐉ B n b associated with the bulk salt concentration n b in the reservoir, showing that screening is enhanced in the colloidal suspension compared to the salt reservoir. The linearized semigrand-canonical potential, ⍀ DH ϵΩ DH ͓n Ϯ (r)͔ equil , is obtained by evaluating the linearized semigrand-canonical functional Ω DH ͓n Ϯ (r)͔, Eq. ͑25͒, at the linearized optimized profiles n Ϯ (r) satisfying Eqs. ͑30͒ and ͑31͒, and it is given explicitly by Eq. ͑F11͒ of Appendix F. The linearized semigrand-canonical osmotic pressure follows from the negative total derivative of the linearized semigrand-canonical potential with respect to the WS-cell free volume V, but keeping fixed the microion chemical po-
where and are functions of (,n b ) through Eqs. ͑32͒ and ͑34͒, respectively. The prefactor of the right-hand side represents the ideal-gas Donnan osmotic pressure taking only the WS-cell charge neutrality ͑16͒ into account
In analogy to the salt-free, Eq. ͑9͒, and the canonical, Eq. ͑20͒, cases, the first term of ͑35͒ represents the ideal-gas law associated to the state-independent zeroth-order Donnan densities, while the remaining terms correspond to the meanfield electrostatic corrections due to the microionic polarization around the polyion. We should note that the second term inside curly brackets depends on only and is thus ᐉ B independent. This could suggest that the zeroth-order Donnan ideal-gas law, lim ᐉ B →0 ␤ P DH sgc ϭn c /, would not be recovered in the weak-coupling limit. This ᐉ B -independent term, however, is indeed necessary to cancel the contributions that arise from the last term in the ᐉ B →0 limit in order to give the correct potential-independent infinite-temperature limit. Moreover, it is shown in Appendix E that the linearized semigrand-canonical osmotic pressure ͑35͒ corresponds to a quadratic expansion of the nonlinear semigrand-canonical osmotic pressure ͑E3͒. The ensemble equivalence between the linearized osmotic pressures P DH can (,s) and P DH sgc (,n b ), Eqs. ͑20͒ and ͑35͒, is nontrivial due to the Donnan effect. As discussed in detail in Appendix G, the linearized Legendre transformation sϭs(,n b ) given by Eq. ͑G9͒ is not sufficient to ensure ensemble invariance, P DH can ͓,s(,nb)͔ P DH sgc (,n b ), requiring additionally the inclusion of quadratic contributions in the expansion densities-i.e., c Ϯ (2) , Eqs. ͑29͒, should be used as expansion densities for the linearization, instead of c Ϯ (1) , Eqs. ͑26͒. The linearized osmotic-pressure difference between the colloidal suspension and the infinite salt reservoir obeys ␤⌬ P DH ϵ␤ P DH sgc Ϫ2n b ϭ␤ P DH sgc Ϫ(n c /)ͱ1Ϫ 2 , with ␤ P DH sgc given by Eq. ͑35͒. In Appendix I we show that the linearized semigrand-canonical osmotic-pressure difference ␤⌬ P DH is intrinsically thermodynamically unstable in the infinitedilution limit and we compare with expressions previously obtained by Deserno and von Grünberg. 50 In particular, the infinite-dilution (→0) asymptotic linearized semigrandcanonical inverse isothermal compressibility
-written in terms of the dimensionless variables ϵ3Zᐉ B /a and â ϵ b a-is always negative, in contrast to its canonical counterpart ␤ can Ϫ1 , Eq. ͑22͒, obtained at fixed ratio s.
In Fig. 3 we present the linearized semigrand-canonical spinodal lines, defined by the vanishing of the linearized semigrand-canonical inverse isothermal compressibility, sgc Ϫ1 ϭ0. We note that Figs. 1 and 3 cannot be, strictly speaking, interpreted as phase diagrams. Instead, their spurious spinodal lines should be viewed as an indication of the range of applicability of the linearized theory, which is asymptotically exact ͑at the PB-WS-model level͒ in the hightemperature limit. Furthermore, they illustrate that similar predictions of gas/liquid-like phase separation at low temperatures or high surface charges-which have also been predicted by other linearized theories, Refs. 33-40-are obtained for a thermodynamically self-consistent linearized theory.
IV. CONCLUDING REMARKS
We investigated in detail the linearized PB spherical WS-cell model, by performing a linearization scheme consistent with quadratic expansions of the appropriate nonlin- 1͒, we also show the salt-free critical point ͑black circle͒ and the salt-free ( b aϭ0) unstable gray region. In the salt-free limit ( b aӶ1) the semigrand-canonical spinodal line reduces to the salt-free one, although for any nonvanishing b a eventually it will bend to the zero-temperature critical point at ( crit , crit )ϭ(0,0). In agreement to the canonical case, an increase of the salt-reservoir bulk density n b in the semigrand-canonical case also enhances the instability, as can be seen from the different spinodal lines with increasing b a. A typical nonmonotonic ͑but nonoscillating͒ osmoticpressure isotherm is presented in Fig. 3 ear thermodynamic functional. By using gauge-invariant forms of the electrostatic potential, we have shown that the linearized osmotic pressures correspond to quadratic expansions of the corresponding nonlinear versions for the three cases investigated: In the presence of neutralizing counterions only ͑salt-free case͒, in the presence of fixed amount of added salt ͑canonical case͒ and in electrochemical equilibrium with an infinite salt-reservoir ͑Donnan equilibrium, semigrand-canonical case͒.
Contrary to previous works, 49, 50 we adopted an explicitly gauge-invariant formulation with the inclusion of a Lagrange-multiplier term to account for the charge-neutrality constraint. The associated Lagrange multiplier was introduced in Appendices A-F in order to obtain the equilibrium profiles by functional minimization of the corresponding functional. In the case of the Donnan equilibrium, it is shown that the minimization of the associated linearized semigrandcanonical functional leads indeed to the state-independent zeroth-order Donnan densities as the self-consistent expansion averages for the linearization. Therefore the optimality of the optimal expansion point opt introduced by Deserno and von Grünberg 50 can be understood as corresponding to a self-consistent minimization of the linearized functional. We would like to emphasize that the derivation of the expansion densities for the linearization, performed in Appendix F, does not correspond simply to an alternative way of obtaining the results presented in previous works. 49, 50 In particular, we show in Appendix G that ensemble invariance of the linearized semigrand-canonical equations requires the inclusion of quadratic contributions in the expansion densities and in the linearized Legendre transformation, a point that could not be explored in Refs. 49 and 50. It is shown that the self-consistent linearized osmotic pressure in the semigrand-canonical ensemble-as already pointed out in the literature 49, 50 -leads to artifacts in the infinite-dilution, high-surface charge and strong-coupling limits, where it predicts negative isothermal compressibilities and negative osmotic-pressure differences between the colloidal suspension and the infinite salt reservoir. Attempts to define a fully stable linearized equation of state ͑for symmetric electrolytes͒ based on the partial derivative of the linearized semigrand-canonical potential with respect to the volume 50 cannot be justified in our approach based on the minimization of the linearized functional, its stability being a fortuitous result. This can be seen most clearly in the analytically tractable case of two infinite charged planes in electrochemical equilibrium with an infinite salt reservoir. 51 It turns out that the artifacts obtained by the linearization are not related to questions like thermodynamic self-consistency, ensemble invariance or possible alternative linearized osmotic-pressure definitions, but rather are associated to the application of the linearization outside its range of validity. Whereas in our treatment we are able to clearly identify the origin of the thermodynamical instability, the approximations involved in the linearized theories of Refs. 33-40 are far from being under control. Because the possible reasons for their failure are indeed very subtle, we believe our investigation about the linearization procedure in the well-controlled case of the PB WS-cell model sheds some light on this question, this being thus the main motivation of our study.
The linearization scheme presented here, though being fully thermodynamically self-consistent, shows that expressions obtained within a linearized framework should always be interpreted with caution, since they may lead to artifacts when applied outside their range of validity. As a further example where the linearization clearly yields artifacts, we mention the attractive component to the effective interaction between two confined colloids induced by charged walls, predicted under linearized theory 64 but in violation to the exact ͑at mean-field level͒ nonlinear PB repulsion. 65 Although earlier numerical analysis of the nonlinear solution were in agreement with the linearized theory, 66 these were soon ruled out under very general conditions. 65 The disagreement with the rigorous nonlinear results might be attributed to flaws in the numerical calculations. Attempts to include ionic correlations lead indeed to attractive contributions to the effective interaction, 67, 68 but they are doubly-screened and thus are not able to overcome the repulsive electrostatic DLVO 43, 44 component. Therefore, experimental evidences of confinement-induced attraction [69] [70] [71] and the occurrence of metastable superheated crystals 72 cannot be explained at the PB mean-field level and still remain an open question. 73 It is noteworthy that an explanation for the apparent attraction between like-charged colloids near a single wall has been recently proposed by Squires and Brenner, 74 where the attraction arises from nonequilibrium hydrodynamic flows. The estimated magnitude of this effect, however, seems to be too small to account for the attraction observed in the experiments, 75 besides the geometric constraint that the particles are in fact confined between two walls.
To avoid confusion we should stress at this point the exactness of the PB nonlinear solution at the mean-field level, its range of validity and limitations. In this work we discussed the linearization procedure in the framework of the nonlinear PB and the WS-cell model. The linearization constitutes here an approximation to the nonlinear treatment, whose exact results ͑at mean-field level͒ may be then compared to the linearized ones, allowing a control over the approximations and the onset of possible artifacts introduced by the linearization. The advantage of the treatment based on the linearization of the PB WS-cell model is that predictions of gas/liquid-like phase separation can be clearly traced back to artifacts due to the application of the linearization scheme beyond its range of validity. Of course, we are not able to predict correct results for real systems when the ͑starting͒ nonlinear theory itself breaks down. In this case, an eventual linearized result may accidentally lead to a correct prediction of, say, phase separation, due to the simultaneous application of two inadequate approximations, namely, the mean-field PB equation and its subsequent linearization. The fact that PB nonlinear theory for WS-cell models always leads to stable suspensions does not invalidate phase separation in real systems, which may be due to finite-size effects, intraand intercell microion-microion, intercell polyion-polyion and intercell polyion-microion correlations that are neglected in the WS-cell mean-field PB picture. In the Donnanequilibrium case, one should also take the microionmicroion correlations in the infinite salt reservoir into account. Questions related to this subject are far from being complete. In particular, it will be very interesting to look at the effect of charge renormalization 54, 57, 58 on the spurious predictions of the linearized theory and the inclusion of microionic-microionic correlations. 20 Several linearized theories, Refs. 33-40, claim to theoretically explain the very puzzling physical phenomenon of gas/liquid-like phase separation in deionized aqueous suspensions of charged colloids mediated by monovalent counterions. [21] [22] [23] The phase transition predicted under linearized theories always points toward 33, 34 the state-independent volume terms, 31, 32 which are also responsible for the spurious phase separation observed by the linearization of the PB WS-cell model. We should remark that the negative contributions to the state-independent volume terms, Eq. ͑D11͒, originate from the polyion-counterion interaction free energy, its derivation being thus quite independent of the WScell model. Therefore, the identification that the stateindependent volume terms drive the phase separation in linearized theories raises questions about the reliability of these results, since all linearized theories might suffer from exactly the same shortcomings. The predicted thermodynamical instability seems to be related to mathematical artifacts of the linearization itself and does not correspond thus to a real physical effect. The current theoretical description by linearized theories of the experimentally observed gasliquid phase separation in deionized aqueous suspensions of charged colloids mediated by monovalent counterions [21] [22] [23] seems thus to be unsatisfactory. There is a need of more faithful theories or models-that should include correlation effects beyond the mean-field level-to describe this puzzling behavior.
